In this paper, the recently introduced M&m sequences and associated mean-median map are studied. These sequences are built by adding new points to a set of real numbers by balancing the mean of the new set with the median of the original. This process, although seemingly simple, gives rise to complicated dynamics. The main result is that two conjectures put forward by Chamberland and Martelli are shown to be true for a subset of possible starting conditions.
Introduction
The aim in this paper is to continue the exploration of mean-median sequences and the associated mean-median map. The class of mean-median sequences, the generation of which we shortly describe, was introduced by Schultz and Shiflett [3] and further analysed by Chamberland and Martelli [2] , who introduced the mean-median map to aid their investigations, and also by Bonchev Bonchev [1] . The interest in the mean-median map lies in the fact that it is a very good example of a simple process yielding extremely complicated dynamics. Let us now give the details of the construction.
The median of a finite set of real numbers {ξ 1 , ξ 2 , . . . , ξ N }, with ξ i 1 ≤ ξ i 2 ≤ . . . Given three real numbers a, b, c, we want to add a fourth number x 4 to the list so that the mean of the four numbers equals the median of the three. That is, x 4 is defined to be the unique solution to the equation a + b + c + x 4 4 = med(a, b, c).
Iteratively, we let x n be the unique solution of the equation a + b + c + x 4 + . . . + x n n = med(a, b, c, x 4 , . . . , x n−1 ).
Schultz and Shiflett gave the name M&m sequences, for mean and median, to the sequences (x 4 , x 5 , . . .) generated as in (1) . Their paper begins with the observation that no matter which set of three numbers {a, b, c} they picked to begin the process, the resulting M&m sequence was eventually constant, that is, they found a k ∈ N such that x n = x k for all n ≥ k. They called an M&m sequence with this property stable and conjectured that all such sequences were stable. (It is perhaps worth observing here that while it is certainly possible to find examples which stabilise very quickly, it is also possible to find examples which take an extremely long time to stabilise, as will be apparent in our main results below.) They also pointed out that it is enough to consider sequences generated from sets {a, b, c} with a < b < c, since if all three are equal the sequence becomes stable immediately, and if two of the starting values are equal, the sequence becomes stable after five iterations.
By applying an affine transformation, we can always reduce the case of arbitrary a < b < c to 0 < x < 1 (this is shown in [2] and [3] , although in [3] they choose the different normalisation 0 < x < x + 1). So, from this point on, let us suppose that we start with 0 < x < 1 and consider the M&m sequence (x 4 , x 5 , . . .) generated as in (1) . We can also formulate questions about the sequence (x 4 , x 5 , . . .) in terms of the sequence (m 4 , m 5 , . . .), where m n = med(0, x, 1, x 4 , . . . , x n ). One can easily check that the sequence of medians (m n ) n≥4 is monotone (see Theorem 2.1 in [2] ). Schultz and Shiflett's stability conjecture was reformulated in the following way in [2] . Conjecture 1.1 (Strong Terminating Conjecture, [2] ). For every 0 < x < 1, there exists an integer k such that x n = x k for all n > k. The minimum such k is denoted by L(x) and is referred to as the length of the M&m sequence. We can reformulate the conjecture by saying that for every initial choice of 0 < x < 1, we have that L(x) < ∞ or, equivalently, that the sequence of medians eventually becomes constant.
We can now define the mean-median map, as in [2] . Let m : R → R be defined to be the function that assigns to each x with 0 < x < 1 the limit of the monotone sequence of medians (m n ) n≥4 associated to it, provided that this limit exists. In other words, if the strong terminating conjecture is true, m(x) is equal to the constant value achieved by the sequence of medians associated to x in a finite number of steps. The following conjecture about the function m has also been made. If the Strong Terminating Conjecture and the Continuity Conjecture turn out to be true, then it follows that the function m is piecewise affine, with rational corners.
As shown in Theorems 3.1 and 3.2 in [2] , the problem has two symmetries that allow us to restrict our study to the subinterval
. These are:
Our main result is the following . Remark 1.5. Our method is also able to establish whether a rational point is not a corner for the function m(x), like x = x + 76 for points x sufficiently close to 2 3 . The proof of Theorem 1.3 is computer-assisted, in that it uses an algorithm to find explicit neighbourhoods of rational points where the two conjectures hold true, and derive the exact formula for m(x) in these neighbourhoods. In Section 2 we explain our algorithm. Section 3 includes our implementation of the method, along with the derivation of (3) and some discussion on the combinatorial features of the problem.
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Our method
Let us describe our proof of Theorem 1.3. Given a point
we find adjacent closed intervals
with the following properties:
(ii) For every i, the interval I (i) is a finite disjoint union of subintervals I
k can be open at both ends, closed at both ends, or closed at only one end, and can even consist of a single point. k and computes the functions L(x) and m(x) restricted to these intervals. The code we include is written using Mathematica language. Let us stress that the results obtained with our method are exact and involve no numerical approximation. Only exact arithmetic and symbolic manipulations are used. The only limitation of our method is given by time and memory constraints related to the implementation of the algorithm. Here is the function we use to compute the median of a vector. Notice that, in contrast with the built-in Median[], the function above also works for chains of inequalities, which will be needed later. For example, median[2 < a < b < Pi < c < 6] yields (b + Pi)/2.
The simple routine that we use to find L(x) and m(x) for a given number x is as follows. Without loss of generality we can assume that x is rational so that exact arithmetic can be used. We start with the list (0, x, 1). Let M = x (the median of the list) and S = x + 1 (the sum of the numbers in the list). We construct x 4 = 4M − S as in (1), and update the median M and the sum S. Then proceed with the computation of x 5 , etc. , we have listx = {0, 7/12, 1, 3/4, 1, 7/6, 13/8, 15/8, 1}, listM = {7/12, 2/3, 3/4, 7/8, 1, 1} and the algorithm produces Lm[7/12] = {9,1}.
To compute the endpoints of the intervals I (i) k , we start by finding the interval I (0) s which includes x 0 . Besides x 0 ∈ Q, we also consider a small parameter > 0. This parameter can also be taken to be rational to allow exact arithmetic on a computer. As we shall see, the interval I (0) s will not depend on , provided is small enough. The algorithm will also reduce if necessary.
First, we run the routine described above for the number x = x 0 + 0 and obtain the corresponding M&m sequence listx = {0, x , 1, x 4 , x 5 , . . . , x L(x ) } with m(x ) = x L(x ) . It is known that, in order for m(x) =x for some x, it is necessary (but not sufficient) that there exists 4 ≤ l < L(x) such that x l =x; see [1] . This means that listx includes m(x ) (and possibly other elements) more than once.
Then we use listx to create a driving list, consisting of the indices of the elements of the M&m sequence of x , after sorting it in increasing order. In other words, the driving list is a permutation of {1, . . . , L(x )} describing the ordering of the trajectory of x . The next step of the algorithm finds all the x's that yield the same driving list as x . This set is obtained by solving a system of at most L(x ) linear inequalities with rational coefficients and consists of an interval containing x (but not necessarily x 0 ). We start with the inequality 0 < x < 1, corresponding to the permutation (1, 2, 3) in the driving list. The median of this inequality is M = x, and the sum of the terms is S = x + 1. The next point in the M&m sequence, x 4 , is computed as x 4 = 4M − S = −1 + 3x. We now insert x 4 in the chain of inequalities, at the position prescribed by drivinglist. For example, if the numbers {1, 2, 3, 4} appear in drivinglist ordered as (1, 2, 4, 3) . then the new inequality is 0 < x < −1 + 3x < 1. Then the new median M and the sum S are computed for the list of inequalities. In the example, we have M = + 6x in the example) and this inserted in the previous chain of inequalities according to the permutation of {1, 2, 3, 4, 5} contained in drivinglist. In the case of (1, 2, 4, 5, 3) we get 0 < x < −1 + 3x < − 5 2 + 6x < 1. We continue this procedure until x L(x ) has been placed in the chain of inequalities according to the driving list. Here is the code to obtain the chain of inequalities from the driving list. Recall that some elements in the trajectory listx repeat and, since we are considering strict inequalities, we remove the duplicates from the chain. Then, we simplify the chain of inequalities to get an open interval. If inequalities does not contain x 0 in its closure, then we repeat the procedure so far with a smaller . Otherwise, we proceed as follows. All the points x in the interior of the interval 
The full code and an example
Here we include the full Mathematica code for the algorithm we just described. We use the input x 0 = The output for 500 cycles required 134.6 seconds on one of the authors' computer. We have (recall that we assume x 1 = 1, x 2 = x and x 3 = 1) while for x ∈ ( 1897 3762 , 919 1822 ), the last two inequalities are replaced by x 56 < x 3 < x 44 . The two permutations π 1 = (1, 2, 4 This can be visualised as in Figure 1 ( ] (bottom).
